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Abstract
We consider an optimal control problem governed by a system of nonlinear difference
equations. We obtain the existence of the optimal control as well as first-order opti-
mality conditions of Pontryagin type by using the Dubovitskii–Milyutin formalism.
Also, we give the necessary and sufficient conditions for global optimality.
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1 Introduction

Several mathematical models can be formulated in discrete form through difference
equations. A problem of optimal control of discrete systems occurs in planning eco-
nomics, optimization of technological systems in different issues of planning and

Communicated by Boris S. Mordukhovich.

B Marko Antonio Rojas-Medar
marko.medar@gmail.com

Camila Isoton
isoton.camila@gmail.com

Lucelina Batista dos Santos
lucelina@ufpr.br

Violeta Vivanco-Orellana
vvivanco@ucsc.cl

1 Departamento de Matemática, Universidad de Tarapacá, Casilla 7D, Arica, Chile

2 Departamento de Matemática, Universidade Tecnológica Federal do Paraná, Curitiba, PR, Brazil

3 Departamento de Matemática, Universidade Federal do Paraná, Curitiba, PR, Brazil

4 Departamento de Matemática, Universidad Católica de la Santísima Concepción, Concepción, Chile

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s10957-020-01638-5&domain=pdf
http://orcid.org/0000-0001-8921-3413


116 Journal of Optimization Theory and Applications (2020) 185:115–133

operations research and also in controlling continuous processes are using up-to-date
computer technologies. Moreover, many economic, social or biological systems are
usually used for continuous control processes. It arises, for example, if process mea-
surements are performed or control action at sampled moments and we restrict the
analysis at these moments only. Hence, control of discrete systems has an important
practical significance. This analysis is also important for continuous optimal control
problems since they can be approximated by discrete ones; see [1].

Perhaps, the Bellman’s dynamic programming method [2] is the most known for
optimal processes in discrete systems. However, its application to specific problems
may be less effective than the use of necessary optimality conditions as Pontryagin’s
Maximum Principle; see [3]. This condition was proved in 1958 in [4]. Shortly there-
after, it was believed by some researchers that its exact analog was valid for discrete
control problems. Probably the first corrected version of discrete maximum principle
was proved by Halkin in 1964 under the hypothesis of convexity of the velocity sets;
see [5]. There exist several proofs of Pontrygin’s maximum principle as a necessary
condition for optimal (continuous-time) control using different general approaches.
We can mention the works of Ioffe and Tihomirov [6] and Neusdadt [7]. An interest-
ing proof of the Pontryagin’s maximum principle is given by Girsanov [8] through
the Dubovitskii–Milyutin Formalism (DM Formalism, for short). This technique is
very interesting because, due to its universal and unifying approach, it allows us one
to determine, in Functional Analysis language, necessary optimality conditions for a
wide range of extremal problems such asmathematical programming, calculus of vari-
ations and optimal control, among others. For a detailed description of this technique;
see [8,9].

The maximum principle is only a set of necessary optimality conditions. Regarding
sufficient conditions of optimality, there are those involving convexity assumptions,
second-order conditions (for example, Anderson and Moore [10], Krotov [11], Lee
and Markus [12], Leitman [13]) and the verification method via Hamilton–Jacobi–
Bellman Theory (e.g., Vinter [14]). Some recent studies bring important results into
this context. Artstein [15] provided conditions under which the maximum principle
turns out to be sufficient for optimality of a certain compatible feedback control. In
[16–18] are introduced some classes of possibly nonconvex optimal control problems
in which the maximum principle is sufficient as well.

Here, we will consider a nonlinear discrete optimal control problem with variable
endpoints and with inequality and equality constraints on trajectories and control; see
[19]. For this problem, although it is not strictly necessary, in this paper we will use
an alternative method: the so-called formalism of Dubovitskii and Milyutin to derive
a new proof of the discrete maximum principle. It is well known in optimal control
theory that, in some cases, the necessary conditions of the maximum principle are also
sufficient optimality conditions.

In thiswork, a new sufficient condition of optimality is establishedwhich is obtained
naturally through DM formalism.

A natural question that arises is: what are the weakest assumptions and conditions
that should be imposed to the control problem data in order that themaximumprinciple
becomes automatically a set of sufficient conditions of optimality? Some works that
answer this question are [20,21] and references therein. In this work, a new sufficient
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