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Abstract

We consider the Oseen problem with nonhomogeneous Dirichlet boundary conditions on a part of the boundary and a
Neumann type boundary condition on the remaining part. Suitable least squares terms that arise from the constitutive law, the
momentum equation and the Dirichlet boundary condition are added to a dual-mixed formulation based on the pseudostress-
velocity variables. We prove that the new augmented variational formulation and the corresponding Galerkin scheme are
well-posed, and a Céa estimate holds for any finite element subspaces. We also provide the rate of convergence when each row
of the pseudostress is approximated by Raviart–Thomas elements and the velocity is approximated by continuous piecewise
polynomials. We develop an a posteriori error analysis based on a Helmholtz-type decomposition, and derive a posteriori error
indicators that consist of two residual terms per element except on those elements with a side on the Dirichlet boundary, where
they both have two additional terms. We prove that these a posteriori error indicators are reliable and locally efficient. Finally,
we provide several numerical experiments that support the theoretical results.
c⃝ 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

In the recent paper [1], we proposed and analyzed augmented mixed finite element methods for the Oseen
problem in the pseudostress-velocity variables assuming homogeneous Dirichlet boundary conditions. That approach
allows us to use any pair of conforming approximation spaces for the unknowns. Additionally, we partially
followed [2] (see also [3]) and endowed that scheme with a simple a posteriori error indicator of residual type,
which consists of just two residual terms per element, and is reliable and locally efficient. The corresponding
adaptive mixed finite element method exhibits a good performance in numerical experiments.

Augmented formulations are often used to avoid the inf–sup condition in mixed finite element methods; cf., for
instance, [1,3–8] and the references therein. In this paper, we consider the Oseen problem with nonhomogeneous
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Dirichlet boundary conditions on a part of the boundary and a Neumann type boundary condition on the remaining
part (which reduces to the so-called do-nothing boundary condition in the homogeneous case). We followed [1,9]
and rewrite the problem in terms of the pseudostress and velocity variables. Then, we follow [1,6] and add suitable
least squares terms to a dual-mixed formulation of the problem. The new augmented variational formulation
and the corresponding Galerkin scheme are well-posed for appropriate values of the stabilization parameters,
and a Céa estimate holds for any finite element subspaces. We also provide the rate of convergence when
each row of the pseudostress is approximated by Raviart–Thomas elements and the velocity is approximated by
continuous piecewise polynomials. Moreover, we develop an a posteriori error analysis based on a quasi-Helmholtz
decomposition [10,11] in two dimensions and a Helmholtz decomposition in three dimensions [12], and derive in
each case an a posteriori error indicator that consists of two residual terms per element except on elements with
a side on the Dirichlet boundary, where it has two additional terms. These a posteriori error indicators are proved
to be reliable and locally efficient. Finally, we provide several numerical experiments that support the theoretical
results. More precisely, we first use the Kovasznay flow to confirm the theoretical convergence rates predicted by
the theory. Then, we test an adaptive algorithm based on the new a posteriori error indicator over a non-convex
domain and a domain with a crack. We end with the solution of a three-dimensional Oseen problem with mixed
boundary conditions.

The paper is organized as follows. In Section 2 we describe the model problem and its formulation in terms of
the pseudostress and velocity variables. In Section 3 we introduce and analyze an augmented dual-mixed variational
formulation of the problem. Then, in Section 4 we analyze the corresponding Galerkin scheme and establish optimal
error estimates for stabilized mixed finite element methods based on the approximation of the pseudostress by
Raviart–Thomas elements and that of the velocity by continuous piecewise polynomials. Section 5 is devoted to
the a posteriori error analysis of the augmented mixed finite element method. Finally, some numerical experiments
are reported in Section 6 and some conclusions are drawn in Section 7.

We end this section with some notations to be used throughout the paper. Let d = 2 or 3. Given any Hilbert
space H , we denote by H d the space of vectors of order d with entries in H , and by H d×d the space of square
tensors of order d with entries in H . Let I be the identity matrix in Rd×d . Given τ := (τi j ), ζ := (ζi j ) ∈ Rd×d ,
we write, as usual, τ t

:= (τ j i ), tr(τ ) :=
∑d

i=1 τi i , τ d
:= τ −

1
d tr(τ )I and τ : ζ :=

∑d
i, j=1 τi j ζi j . Throughout this

paper, we will use the standard notations for Sobolev spaces and norms. If Ω is a bounded connected set in Rd ,
with a Lipschitz-continuous boundary Γ , we denote H (div,Ω ) := {v ∈ [L2(Ω )]d

: div(v) ∈ L2(Ω )} endowed with
the norm ∥v∥H (div,Ω) := (∥v∥

2
[L2(Ω)]d + ∥div(v)∥2

L2(Ω)
)1/2, and H (div,Ω ) := {τ ∈ [L2(Ω )]d×d

: div(τ ) ∈ [L2(Ω )]d
},

endowed with the norm ∥τ∥H (div,Ω) := (∥τ∥
2
[L2(Ω)]d×d + ∥div(τ )∥2

[L2(Ω)]d )1/2.

2. A pseudostress-velocity formulation of the Oseen problem

Let Ω be a bounded connected open set in Rd (d = 2 or 3), with a Lipschitz-continuous boundary Γ . We
assume that Γ = Γ D ∪Γ N , where ΓD is a closed connected part of Γ and ΓN = Γ \ΓD . We assume that both ΓD
and ΓN have positive measure. Let us consider an incompressible fluid that occupies the region Ω . Let ν > 0 be
the kinematic viscosity of the fluid, that we assume constant. We denote by a ∈ [L∞(Ω )]d , a ̸= 0, the advective
velocity field, assumed to be solenoidal in Ω and such that a · n ≥ 0 on ΓN , where n denotes the unit outward
normal vector to ΓN . Let f ∈ [L2(Ω )]d be an external body force, uD ∈ [H 1/2(ΓD)]d be a prescribed velocity on
the Dirichlet boundary ΓD and g ∈ [H−1/2(ΓN )]d be the Neumann data. We consider the following Oseen problem:
find the velocity field u and the pressure p such that⎧⎪⎪⎪⎨⎪⎪⎪⎩

−ν∆u + a · ∇u + ∇ p = f in Ω ,
div(u) = 0 in Ω ,

u = uD on ΓD ,

−pn + ν
∂u
∂n

= g on ΓN .

(1)

Now, we follow [9] and define the pseudostress σ := ν∇u − p I. Then, problem (1) can be stated as follows:
find σ and u such that⎧⎪⎪⎪⎨⎪⎪⎪⎩

−div(σ ) + a · ∇u = f in Ω ,
1
ν

σ d
= ∇u in Ω ,

u = uD on ΓD ,

σn = g on ΓN .

(2)
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