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Abstract

In this paper we introduce and analyze a new finite element method for a strongly coupled flow and transport problem in Rn ,
n ∈ {2, 3}, whose governing equations are given by a scalar nonlinear convection–diffusion equation coupled with the Stokes
equations. The variational formulation for this model is obtained by applying a suitable dual-mixed method for the Stokes system
and the usual primal procedure for the transport equation. In this way, and differently from the techniques previously developed
for this and related coupled problems, no augmentation procedure needs to be incorporated now into the solvability analysis,
which constitutes the main advantage of the present approach. The resulting continuous and discrete schemes, which involve the
Cauchy fluid stress, the velocity of the fluid, and the concentration as the only unknowns, are then equivalently reformulated
as fixed point operator equations. Consequently, the well-known Schauder, Banach, and Brouwer theorems, combined with
Babuška–Brezzi’s theory in Banach spaces, monotone operator theory, regularity assumptions, and Sobolev imbedding theorems,
allow to establish the corresponding well-posedness of them. In particular, Raviart–Thomas approximations of order k ≥ 0
for the stress, discontinuous piecewise polynomials of degree ≤ k for the velocity, and continuous piecewise polynomials of
degree ≤ k + 1 for the concentration, becomes a feasible choice for the Galerkin scheme. Next, suitable Strang-type lemmas
are employed to derive optimal a priori error estimates. Finally, several numerical results illustrating the performance of the
mixed-primal scheme and confirming the theoretical rates of convergence, are provided.
c⃝ 2020 Elsevier B.V. All rights reserved.
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1. Introduction

Several practical applications in engineering, including natural and thermal convection, chemical distillation
processes, fluidized beds, solid–liquid separation, and sedimentation–consolidation processes, among others, deal
with the transport of a species density in an immiscible fluid. Regarding the understanding and prediction of the
behavior of such problems, the main difficulties involved have to do with the highly nonlinear character of the
advection and diffusion terms, the strong interaction of velocity and solids volume fraction, the complexity of
the resulting coupled problem, the saddle-point structure of either the flow or transport problem, or both, and
the eventual non-homogeneous boundary conditions, whose handling could imply the introduction of Lagrange
multipliers as further unknowns. In any case, most of these difficulties influence the solvability analysis of the
continuous and discrete schemes, and particularly the construction of appropriate finite element subspaces yielding
stability of the latter, in addition to the derivation of a priori error bounds and corresponding rates of convergence.

Now, concerning the unknowns of interest, we stress that until certain time ago, the main sought physical
quantities of most of the above mentioned models were the velocity and the pressure of the fluid, and the local
solids concentration (see, e.g. [1–3] for the particular phenomenon given by the sedimentation–consolidation of
particles). More recently, the development of new numerical methods that directly approximate other variables of
physical relevance, such as the principal components of the fluid or solids stress tensors, the velocity gradient and the
vorticity of the fluid, the concentration gradient, and even some boundary traces, has gained considerable attention
by the community of numerical analysis of partial differential equations. In turn, the need of computing accurate
approximations of additional fields has also arised in related problems in continuum mechanics, thus motivating,
for instance, the derivation of new mixed variational formulations and associated Galerkin schemes for linear and
nonlinear elasticity, Navier–Stokes, Boussinesq, and other equations (see, e.g. [4–11] and the references therein).

In the present paper we are interested in the coupled flow and transport problem determined by a scalar
nonlinear convection–diffusion equation interacting with the Stokes equations, which serves as a prototype for
certain sedimentation–consolidation processes, and also models the transport of species concentration within a
viscous fluid. Indeed, diverse combinations of primal and mixed finite element methods have been proposed lately
in the literature for the numerical solution of this and related models, whose most distinctive feature is the fact that,
not only the viscosity of the fluid, but also the diffusion coefficient and the function describing hindered settling,
depend on the solution to the transport problem. In addition, the first order term of the latter includes the velocity
of the fluid as a factor. In particular, we first refer to [12], where the solvability of our model of interest was
analyzed by means of an augmented dual-mixed method in the fluid and the usual primal scheme in the transport
equation, thus yielding a three-field augmented mixed-primal variational formulation, whose unknowns, given by
the Cauchy stress, the velocity of the fluid, and the concentration, are sought in H(div;Ω ) (the space of tensors in
[L2(Ω )]n×n with divergence in [L2(Ω )]n), [H1(Ω )]n , and H1(Ω ), respectively. The well-posedness of the continuous
and discrete formulations, rewritten as fixed point operator equations, is established by using the classical Schauder
and Brouwer theorems, respectively. In addition, suitable regularity assumptions and the Sobolev embedding and
Rellich–Kondrachov compactness theorems, are also employed in the continuous analysis. In turn, the stability of
the associated Galerkin scheme is guaranteed with Raviart–Thomas spaces of order k for the stress, and continuous
piecewise polynomials of degree ≤ k+1 for both the velocity and the concentration. Optimal a priori error estimates
and consequent rates of convergence are also derived there.

On the other hand, the approach from [12] was extended in [13] to the case of a strongly coupled flow and
transport system typically encountered in sedimentation–consolidation processes. The solvability of this model had
been previously discussed in [14] for the case of large fluid viscosity, using the technique of parabolic regularization.
Additionally, the existence of solutions to a related model for chemically reacting non-Newtonian fluid had been
established in [15] as well. Regarding the governing equations in [13], they consist in the Brinkman problem with
variable viscosity, written in terms of Cauchy pseudo-stresses and bulk velocity of the mixture, coupled with a
nonlinear advection–nonlinear diffusion equation describing the transport of the solids volume fraction. Moreover,
as in [12], the viscosity also depends on the concentration, but differently from there, where an explicit dependence
on the gradient of the concentration was assumed for the effective diffusivity, this coefficient is supposed in [13] to
depend only on the scalar value of the concentration. An augmented mixed approach for the Brinkman problem and
the usual primal weak form for the transport equation are then employed to derive the variational formulation of the
coupled problem. In this way, similarly as in [12], the corresponding continuous and discrete solvability analyses
are performed by combining fixed point arguments, elliptic regularity estimates, and some classical results. The
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