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Abstract In this paper we develop an a posteriori error analysis for an augmented
discontinuous Garlerkin formulation applied to the Darcy flow. More precisely, we
derive a reliable and efficient a posteriori error estimator, which consists of residual
terms. Finally, we present several numerical experiments, showing the robustness of the
method and the theoretical properties of the estimator, thus confirming the capability
of the corresponding adaptive algorithms to localize the inner layers, the singularities
and/or the large stress regions of the exact solution.
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1 Introduction

The study of the flow of an incompressible and isothermal fluid in homogeneous
porous media has been studied at least as far as [23], due to its many applications in
civil, geotechnical, and petroleum engineering. The key idea to model this phenomena
is known as the Darcy law, which establishes a relation between the velocity of the
fluid and the pressure of the porous media. We point out that this argument is very
helpful in several other models and/or algorithms, such as the projection techniques
for the solution of Navier–Stokes equations (see [17,34]).

Such applications have produced enormous efforts to improve the quality of the
numerical approximations by different means. In the context of finite element methods,
for example, we remark the single-field formulation for pressure (primal formulation),
which involves a post-processing of the velocity field, and has proved to be a viable
option (see, e.g., [30] and the references therein). On the other hand, it is important
to mention that there is another (and maybe a more popular) technique that has been
used in other applications too, and is based on the dual mixed formulation (see, e.g.,
[8,24], and the references given there). In addition, in [9] the authors present and dis-
cuss two conforming and nonconforming finite element discretizations to solve this
problem, although this approach has been developed and analysed before in [1], but
in the context of finite volume methods. Other strategy to deal with the Darcy prob-
lem, is the application of the discontinuous Galerkin (dG) methods, whose study has
been increasing in the last few years and, up to the author’s knowledge, covers a large
kind of linear and nonlinear elliptic problems. For an overview of the dG methods
for elliptic problems we refer the reader to [3] and the references therein. Concerning
linear elliptic problems, we mention that Poisson-type problems have been analysed
in [16,31], using the local discontinuous Galerkin (LDG) method. This approach has
been also applied to solve Darcy, Stokes, Oseen and elasticity problems (see, for
e.g. [12,21,20,22]). The extension of the applicability of LDG method for a class of
nonlinear problems arising in heat conduction and fluid mechanics can be found in
[13,14], respectively. The main feature on the theoretical analysis of this method is the
introduction of suitable lifting operators to eliminate part of the unknowns (this action
is known as static condensation). To achieve this, we require that the approximation
spaces to be proposed must satisfy certain conditions (called mild conditions, cf. (18)
in [11]). Moreover, if the resulting formulation (after performing static condensation)
has a saddle-point structure, the choice of the discrete spaces should be done more
carefully, in order to verify (in an easy way) the discrete inf-sup condition in the proof
of the existence and uniqueness of the solution of the problem.

We will, therefore, focus our attention on the augmented (stabilized) dG methods,
which are intended to check the well-posedness of the mixed dG formulation without
the introduction of any lifting operators, giving us more freedom in the choice of the
approximation spaces than the usual dG methods since they are not required to verify
the mild condition. This approach is based on the addition of suitable least squares type
terms coming (usually) from the equilibrium and/or constitutive equations. In [6], for
example, we develop an augmented dG scheme for the Poisson problem and, through
numerical experiments, compares it with the associated standard (non-augmented) dG
scheme.
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