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Abstract
A novel residual a posteriori error estimator for the Oseen equations achieves
efficiency and reliability by including multilevel contributions in its construction.
Originates from the Multiscale Hybrid Mixed (MHM) method, the estimator com-
bines residuals from the skeleton of the first-level partition of the domain, along with
the contributions from element-wise approximations. The second-level estimator is
local and infers the accuracy of multiscale basis computations as part of the MHM
framework. Also, the face-degrees of freedom of the MHM method shape the estima-
tor and induce a new face-adaptive procedure on the mesh’s skeleton only. As a result,
the approach avoids re-meshing the first-level partition, which makes the adaptive
process affordable and straightforward on complex geometries. Several numerical
tests assess theoretical results.
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1 Introduction

Fluid flow simulations rely on efficient numerical schemes shaped to account for
large- and small-scale structures of the velocity and pressure fields. Typical problems
are fluid flows in porous media and turbulent flows, for instance (for more details see
[25, 32, 33, 50]). For those problems, the computational cost involving in numerical
schemes that cope with small scales of the approximate solution is costly, especially
when one considers time-dependent problems in three-dimensional geometries. For
this reason, multiscale numerical methods have been attracted attention in the last
decades by their “embarrassingly” parallel nature, which turn out to be an excellent
option to leverage the new generation of massive high-performance computers.

The Multiscale Hybrid-Mixed (MHM) method is a member of the family of mul-
tiscale finite element methods. Multiscale methods have its origin in [13] for the
one-dimensional Poisson problem, and they were further extended to higher dimen-
sional cases in [42, 43]. Overall, the multiscale methods rely on incorporating fine
scales of the solutions through basis functions, with an impact on the accuracy of
coarse-scale solutions, which can be computed on a coarse partition with precision.
Other members of this family are the Heterogeneous Multiscale method (HMM) [27],
the Variational Multiscale method (VMS) [3], the Generalized Multiscale finite ele-
ment method [28], the Localized Orthogonal Decomposition method (LOD) [40], the
Petrov-Galerkin Enriched method (PGEM) [7, 16, 36], the Residual Local Projec-
tion method (RELP) [5, 17, 34], to mention a few. A posteriori error estimator for
some of these schemes can be reviewed in [1, 10, 14, 21, 41, 44, 47, 49, 53], and the
references therein.

Regarding the MHM method, it relies on the characterisation of the exact solution
as a byproduct of the hybridisation of the continuous problem on a coarse mesh (first-
level mesh). As a result, the exact fields decompose as the solutions of a series of
local problems coupled through a global problem defined on the skeleton of the first-
level partition. In such an infinite-dimensional setting, the local problems are entirely
independent of one another and account for the multiscale nature of the problem.
Discretisation uncouples global and local problems, and the latter responds for the
multiscale basis computation. Thereby, the expensive part of the algorithm can be
naturally solved in parallel computers. The MHM method was initially introduced
for the Darcy equation in [38] and analysed in [8, 48], and extended to models based
on the Stokes operator in [9] and [7].

In this work, we present a new MHM method for the Oseen equations, and pro-
pose and analyse a novel multiscale residual, a posteriori error estimator. The method
combines the features of the MHM methods proposed in [39] and [11]. As for the
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