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Abstract
In this work we present and analyze a fully-mixed formu-
lation for the nonlinear model given by the coupling of
the Navier–Stokes and Darcy–Forchheimer equations with
the Beavers–Joseph–Saffman condition on the interface.
Our approach yields non-Hilbertian normed spaces and a
twofold saddle point structure for the corresponding oper-
ator equation. Furthermore, since the convective term in
the Navier–Stokes equation forces the velocity to live in
a smaller space than usual, we augment the variational
formulation with suitable Galerkin type terms. The result-
ing augmented scheme is then written equivalently as a
fixed point equation, so that the well-known Schauder and
Banach theorems, combined with classical results on non-
linear monotone operators, are applied to prove the unique
solvability of the continuous and discrete systems. In par-
ticular, given an integer k≥ 0, Raviart–Thomas spaces of
order k, continuous piecewise polynomials of degree≤k+ 1
and piecewise polynomials of degree ≤k are employed in
the fluid for approximating the pseudostress tensor, velocity
and vorticity, respectively, whereas Raviart–Thomas spaces
of order k and piecewise polynomials of degree ≤k for
the velocity and pressure, constitute a feasible choice in
the porous medium. A priori error estimates and associ-
ated rates of convergence are derived, and several numerical
examples illustrating the good performance of the method
are reported.
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1 INTRODUCTION

The derivation of suitable mathematical and numerical models for the fluid flow between porous media
and free-flow zones has been widely studied during the last decades, mostly due to its relevance in the
fields of natural sciences, biology, and engineering branches. In particular, physical phenomena such
as vuggy porous media appearing in petroleum extraction, industrial filtrations, and blood motion in
tumors and microvessels can be modeled by the Navier–Stokes/Darcy (or Stokes/Darcy) model (see,
e.g., References [1–3]), which consists in a set of partial differential equations where the Navier–Stokes
(or Stokes) problem is coupled with the Darcy model through a set of coupling equations acting on
a common interface, which are given by mass conservation, balance of normal forces, and the so
called Beavers–Joseph–Saffman condition. However, in applications such as the internal ventilation
of a motorcycle helmet and reservoir wellbore (see, e.g., References [4–6]), when the fluid velocity is
higher and the porosity is nonuniform, which holds when the kinematic forces dominates over viscous
forces, a better way to study this phenomenon is modifying the Darcy model in the porous medium by
adding the Forchheimer term, which represents inertial effects, thus obtaining the Darcy–Forchheimer
model (see References [7, 8]).

In this context, and up to the authors’ knowledge, one of the first works in analyzing the coupling
of the Navier–Stokes and Darcy–Forchheimer equations is Amara et al. [6]. In there, the authors study
the coupling of a 2D reservoir model with a 1.5D vertical wellbore model. The physical problems
are described by the Darcy–Forchheimer and the compressible Navier–Stokes equations, respectively,
together with an exhaustive energy equation. Later on, in Cimolin and Discacciati [5] a penaliza-
tion approach, for both 2D and 3D domains, was introduced and analyzed. All this motivated by
the study of the internal ventilation of a motorcycle helmet. In particular, the authors consider the
velocity and pressure in the whole domain as the main unknowns of the system, and the corre-
sponding Galerkin approximation employs piecewise quadratic and linear elements for the velocity
and pressure, respectively. More recently, in Caucao et al. [9] a primal-mixed formulation of the
Navier–Stokes/Darcy–Forchheimer system is analyzed by means of a fixed-point argument and clas-
sical results on nonlinear monotone operators (see References [10, 11]). The corresponding mixed
finite element scheme employs Bernardi–Raugel elements for the velocity in the free fluid region,
Raviart–Thomas elements of lowest order for the filtration velocity in the porous media, and piece-
wise constant elements for the pressures and the Lagrange multiplier. Meanwhile, a fully-mixed finite
element method is developed and analyzed for the coupling of the Stokes and Darcy–Forchheimer
problems in Almonacid et al. [12]. This new approach yields non-Hilbertian normed spaces and a
twofold saddle point structure for the corresponding operator equation, whose continuous and discrete
solvabilities are analyzed by means of a suitable abstract theory developed for this purpose.

According to the above bibliographic discussion, the purpose of the present paper is to extend the
results obtained in References [9, 12] to the coupling of the Navier–Stokes and Darcy–Forchheimer
problems with constant density and viscosity, but unlike [9], by considering now dual-mixed formula-
tions in both domains. We introduce the pseudostress tensor as in Camaño et al. [13] and subsequently


