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Abstract
In this paper, we propose and analyze a new momen-

tum conservative mixed finite element method for the

Navier–Stokes problem posed in nonstandard Banach

spaces. Our approach is based on the introduction of a

pseudostress tensor relating the velocity gradient with the

convective term, leading to a mixed formulation where the

aforementioned pseudostress tensor and the velocity are the

main unknowns of the system. Then the associated Galerkin

scheme can be defined by employing Raviart–Thomas ele-

ments of degree k for the pseudostress tensor and dis-

continuous piece–wise polynomial elements of degree k
for the velocity. With this choice of spaces, the equi-

librium equation is exactly satisfied if the external force

belongs to the velocity discrete space, thus the method

conserves momentum, which constitutes one of the main

feature of our approach. For both, the continuous and dis-

crete problems, the Banach–Nečas–Babuška and Banach’s

fixed-point theorems are employed to prove unique solv-

ability. We also provide the convergence analysis and par-

ticularly prove that the error decay with optimal rate of

convergence. Further variables of interest, such as the fluid

pressure, the fluid vorticity and the fluid velocity gradi-

ent, can be easily approximated as a simple postprocess

of the finite element solutions with the same rate of con-

vergence. Finally, several numerical results illustrating the

performance of the method are provided.
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1 INTRODUCTION

The Navier–Stokes (NS) problem is one of the most challenging problems in different areas of math-

ematics, and particularly the numerical analysis community has been working for decades in the

devising of accurate and efficient numerical methods to approximate the solution of NS, all of them

with pros and cons. Probably, the most commonly used methods by engineers to approximate the

solution of this important problem are those based on conforming discretizations of the classical

velocity–pressure formulation, mainly because they are relatively cheap and easy of implementing.

Actually, in most of the software designed to solve partial differential equations, such as Freefem++
and Fenics, the classical families of finite elements for the Stokes problem are already available (see

Reference [1] for a detailed study of these classical families). However, it is well-known that, in gen-

eral for flow problems, conforming H1-discretizations do not conserve momentum, as it is the case of

conforming velocity–pressure discretizations of NS which may cause dissipation of energy and pro-

duce a lower bound on the error when approximating the unsteady case (see Reference [2, section 3]),

unless the convective term is modified properly, as it is done, for instance, in References [3, 4]. In

order to circumvent this lack of momentum conservativity, many researchers have turned to other type

of discretizations, such as Finite Volumes and Discontinuous Galerkin methods, among others (see for

instance References [5–9], and the references therein).

One of the classical approaches to obtain momentum conservative methods for flow problems is

the discretization by means of mixed finite element methods. In fact, since the equilibrium equation

is discretized at the same time with the constitutive equation, by construction, they naturally con-

serve momentum. This is the case, for instance, of pseudostress-based mixed methods for the Stokes

equations (see e.g., References [10–13], and the references therein). In fact, by introducing a pseu-

dostress tensor 𝝈, relating the gradient of the velocity with the pressure, the Stokes equations can be

rewritten as a first-order system of equations, where the equilibrium equation has the form −div𝝈 = f,
with f being the datum, thus leading to a momentum conservative scheme. There are other two advan-

tages to utilize mixed methods, particularly for fluid-flow problems. On the one hand, they have a

natural applicability to non-Newtonian flows. Indeed, since in this case the constitutive equation is

nonlinear, the stress cannot be eliminated, and hence it becomes an unavoidable unknown in the corre-

sponding solvability analysis. Actually, they allow for a unified analysis for linear and nonlinear flows

(see e.g., References [14–17]). On the other hand, further variables of interest can be approximated

without losing any accuracy (see e.g., Reference [18]).

In recent years, the study of dual-mixed formulations for fluid-flow problems has been also

extended to the Navier–Stokes equations. In particular, Farhloul et al. in References [19, 20] extended

the analysis of dual-mixed formulations for the Stokes equations to the Navier–Stokes problem. They

introduce the strain tensor (in Reference [19]) and the velocity gradient tensor (in Reference [20])

as the main unknowns of the systems and derive quasi-optimal numerical methods for the fluid flow

problem. In turn, in Reference [21] (see also References [22, 23]), Cai et al. extended the analy-

sis of pseudostress-based mixed methods for the Stokes problem to the Navier–Stokes equations.

They introduce and analyze a conforming H(div) method for a pseudostress-based mixed formula-

tion of accuracy O(hk+1−n∕6) in the L3 norm, with k ≥ 0 being the polynomial degree and n = 2, 3.

Later on, in Reference [24], Howell and Walkington introduced a new skew–symmetric dual–mixed

finite element method for the Navier–Stokes problem, considering the velocity gradient (in L2), the

velocity (in L2) and a modified pseudostress (or stress) tensor (in H(div)) linking the gradient of

the velocity and the pressure with the convective term, as the main unknowns of the system. Owing

to the skew–symmetry of the formulation proposed in Reference [24], and similarly to the classical

skew-symmetric velocity–pressure approach (see for instance [25, chapter II, section 3.2]), existence


