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A free path (with no preset extreme nodes) is located on a network, in such a way as to minimize the cost
and maximize the traffic captured by the path. Traffic between a pair of nodes is captured if both nodes
are visited by the path. Applications are the design of the route and locations of mailboxes for a local
package delivery company, or the design of bus or subway lines, in which the shape of the route and
the number of stops is determined by the solution of the optimization problem. The problem also applies
to the design of an optical fiber network interconnecting WiFi antennas in a university campus. We pro-
pose two models and an exact solution method. Computational experience is presented for up to 300
nodes and 1772 arcs, as well as a practical case for the city of Concepción, Chile.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

We address the problem faced by a planner who needs to design
a bus route, a light railway line or any transit system line, with the
shape of a single path. This path must follow some already existing
roads. Public approaches the stops, which are the nodes of the
path. Customers do not use the bus line unless there are stops
within a threshold distance of their origin and destination loca-
tions. There is an estimation of the traffic demanded between dif-
ferent pairs of nodes, and the stops or stations are opened
depending on the desired traffic capture.

Another example is the design of a route and the location of
mailboxes for a mail and package delivery company that operates
within a city. A single vehicle carries packages between pairs of
mailboxes (an origin and a destination mailbox), located by the
same company. The solution of the model contains the location
of the mailboxes and the shape of the route.

A further example is the deployment of a WiFi network in a uni-
versity campus, in which the access points or antennas are con-
nected to the network through an optical fiber bus. The antennas
are the active nodes on the path, receiving and transmitting known
amounts of voice and data traffic to fixed or mobile devices that are
within a threshold distance of the nodes, i.e. within a ‘‘hot spot”,
and either coming from or going to known nodes of the network.
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The optical fiber bus must use an existing duct system for its
deployment. The number of antennas to be installed and connected
through the path is defined by the solution of the model, depend-
ing on the traffic carried by these antennas. Both problems are
solved by locating an adequate path on a network.

Many similar problems, also consisting of locating a path on a
network have been described in the literature (Labbé, Laporte, &
Rodríguez, 1998; Mesa & Boffey, 1996). If the network represents
a geographical region where there is population with certain
needs, and it is assumed that the path serves these needs, it can
be located so that it is within a threshold distance of part of the
population (a ‘‘covering path”); or it can be designed so to mini-
mize its average distance to the customers – in this case, all the de-
mand is assumed to be satisfied – (a ‘‘median path”). Practical
examples of these problems can be found in transportation and
telecommunications networks, hydraulic systems, and electrical
networks. Our application falls in the category of the covering path
problems.

The maximum covering–shortest path problem (MCSPP) was
first introduced by Current, ReVelle, and Cohon (1985). In this
problem, a path needs be built between an origin and a destination,
with two objectives in sight: minimum construction cost of the
edges of the path, and maximum node demand satisfaction. A de-
mand or customer is defined as satisfied or covered, when it is
either on the path or within a threshold distance from it. Note that
coverage is defined for single demand nodes, as opposed to pairs of
nodes (traffic). The MCSPP has been extended to a multipath ver-
sion by Boffey and Narula (1998), who also provide a good review
of the literature.



Fig. 1. Main path and sub-tours.
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A closely related problem, the median-path (MPP) by Current,
ReVelle, and Cohon (1987), locates a path in such a way as to min-
imize the distance that customers have to travel to reach a node on
the path (or travel cost) and, at the same time, minimize the con-
struction cost of the path. In this case, all the customers’ demand is
assumed as satisfied.

In both of these problems, the cost of building the roads that a
customer requires to reach the path from his or her original loca-
tion is not considered. This cost is included in a further model,
the Hierarchical Network Design Problem (HNDP) by Current, ReV-
elle, and Cohon (1986), that seeks the least expensive network
composed by a primary path and secondary trees, so that every
node is either on the path or can reach the path travelling along
the branches of a tree.

All these problems are very difficult to solve to optimality, be-
cause due to their multi-objective nature, integer programming
formulations with a polynomial number of constraints tend to re-
sult in solutions that split the main path into an origin–destination
path and a number of sub-tours. This topology fictitiously satisfies
demands that are far away from the origin–destination path, as
will be explained later. Removing these sub-tours adds complexity
to the solving task, so these problems are usually solved using heu-
ristics, rather than exact methods (Bruno, Gendreau, & Laporte,
2002; Bruno, Ghiani, & Improta, 1998; Dicesare, 1970; Dufourd,
Gendreau, & Laporte, 1996). Reviews of available methods can be
found in Laporte, Mesa, and Ortega (2000, 2005). In particular for
the MCSPP, the only exact method that has been proposed so far
is the method by Current et al. (1985).

Among all these different problems, the MCSPP model captures
some of the basic features of our applications, and it has been used,
for example, for the design of transit networks (Matisziw, Murray,
& Kim, 2006). However, a closer representation of the problem we
address must use trip or traffic coverage as opposed to node cover-
age as does the MCSPP, meaning that traffic between pairs of points
or nodes is served when both its origin and its destination points
are within the threshold distance of respective nodes. Although
most authors argue that considering traffic capture as opposed to
point coverage in the transportation case is not practical because
of the high cost of gathering the traffic information, there are in-
stances where this data is available. Traffic measurements or esti-
mates in telecommunications networks are not unusual and, even
more, needed in order to design a well-behaved network. Origin–
destination trip surveys of population have been made in several
cities of Chile for some years. A description of these surveys, as
well as the data, can be found in SECTRA (2009). When information
is available, taking traffic into account instead of point coverage
leads to better designs.

This origin–destination traffic capture was sought in Laporte
et al. (2005) who classify the problem as NP-hard and propose a
heuristic method for finding its solution. However, Laporte et al.
(2005) neither formulate an integer programming model, nor solve
the problem to optimality. They solve a 21-node problem and men-
tion that the methodology has been applied to a real application.
Fernández and Marín (2003) point out that a prospective passenger
uses a bus only if it passes close to the place where he/she is, and it
also leaves him/her close to his/her destination point. However,
they do not model or formulate this problem, but solve instead a
different one, in which the demand of a node i is satisfied if it is
connected through the path to one of several possible subsets of
nodes. They assume that each one of these sets can supply the de-
mand of node i, so the problem looks more like connecting facilities
to suppliers. Each node on the main path has an opening cost. Their
method is heuristic and especially designed for acyclic networks.
Their problems have a size of up to 200 nodes, but the gaps be-
tween the best solutions and the bounds are rather large (between
3.7% and 11.6%).
In synthesis, our contribution consists of formulating two ver-
sions of the maximum traffic–shortest path problem, and utilizing
an exact method for finding the solution to this problem, for rea-
sonably sized networks. This particular problem has never been
previously formulated as an integer programming problem, or
solved to optimality. As opposed to existing results, in the models
we propose we address some practical aspects not considered be-
fore. In the first place, not necessarily the extreme nodes of the main
path are always predefined. Fixing these extremes a priori could lead
to sub-optimal solutions. In our models, the extremes of the main
path are not preset, but left to the model to decide. In the second
place, we do not fix a priori the number of nodes of this path
(antennas, stops), but leave it to the model to determine. In the
third place, in practice, we allow the path to go through some nodes
that do not need to receive or evacuate traffic, if this solution is opti-
mal. In our second model, we allow the path to go through two
types of nodes: active nodes, that receive and evacuate traffic
and have an opening cost, and inactive, costless nodes, whose sole
purpose of being on the path is to obtain a less expensive shape for
the path. A further difference between published results and our
formulation, is that we consider that the demand is satisfied by
the path (or attended by it) if the origin and destination nodes on
the path are within a threshold distance, as opposed to the path it-
self being within the threshold distance, as in the MCSPP. In our
applications, this is the case.

In the first model we propose, there is no cost of adding a stop
or a mailbox on the path, and all the nodes on the path are ‘‘active”,
i.e., they correspond to nodes whose demand is served. In the sec-
ond model, each node on the path has a cost, representing the cost
of a mailbox or a bus stop. Also, we allow some nodes on the path
not being active, i.e., these nodes are on the path, but there are no
stops or mailboxes located on them. Finally, we solve to optimality
several instances that go from 100 nodes to 300 nodes and 1772
arcs, and present a practical case of a package delivery company
in Concepción, Chile.
2. The maximum traffic, shortest path problem – costless nodes

The maximum traffic–shortest path problem is formulated as a
mixed integer optimization model of a shortest path problem, plus
constraints that define traffic coverage and active nodes (antennas
or stops) at the nodes of the main path. A second objective is added
that maximizes the traffic between pair of nodes. When using this
simple formulation, because of its multiple-objective nature, ficti-
tious satisfaction of traffic demand of nodes that are away from the
main path can be achieved, through circular paths (sub-tours) that
are disconnected from the main path, as shown in Fig. 1.


