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Pablo Venegas f

a Departamento de Matemática y Fı́sica Aplicadas, Universidad Católica de la Santı́sima Concepción, Casilla 297, Concepción, Chile
b CI2MA, Universidad de Concepción, Casilla 160-C, Concepción, Chile
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d GIMNAP-Departamento de Matemática, Universidad del Bı́o-Bı́o, Casilla 5-C, Concepción, Chile

e Institute of Earth Sciences, Quartier UNIL-Mouline, Bâtiment Géopolis, University of Lausanne, CH-1015 Lausanne, Switzerland
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Abstract

In this paper we introduce and analyze two new fully-mixed variational formulations for the coupling of fluid flow with porous
media flow. Flows are governed by the Stokes and Darcy equations, respectively, and the corresponding transmission conditions
are given by mass conservation, balance of normal forces, and the Beavers–Joseph–Saffman law. We first extend recent related
results involving a pseudostress/velocity-based formulation in the fluid, and consider a fully-mixed formulation in which the main
unknowns are given now by the stress, the vorticity, and the velocity, all them in the fluid, together with the velocity and the
pressure in the porous medium. The aforementioned formulation is then partially augmented by introducing Galerkin least-squares
type terms arising from the constitutive and equilibrium equations of the Stokes equation, and from the relation defining the vorticity
in terms of the free fluid velocity. These three terms are multiplied by stabilization parameters that are chosen in such a way that
the resulting continuous formulation becomes well-posed. The classical Babuška–Brezzi theory is applied to provide sufficient
conditions for the well-posedness of the continuous and discrete formulations of both approaches. Next, we derive a reliable and
efficient residual-based a posteriori error estimator for the augmented mixed finite element scheme. The proof of reliability makes
use of the global inf–sup condition, Helmholtz decomposition, and local approximation properties of the Clément interpolant
and Raviart–Thomas operator. In turn, inverse inequalities, the localization technique based on element-bubble and edge-bubble
functions, and known results from previous works, are the main tools to prove the efficiency of the estimator. Finally, several
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numerical results illustrating the good performance of both methods, confirming the aforementioned properties of the estimator,
and showing the behavior of the associated adaptive algorithm, are provided.
c⃝ 2015 Elsevier B.V. All rights reserved.
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1. Introduction

The derivation of suitable numerical methods for the coupling of fluid flow (modeled by the Stokes equations)
with porous media flow (modeled by the Darcy equations), has been increasing lately (see e.g., [1–15], and the
references therein). The above list includes porous media with cracks, and the incorporation of other linear and
nonlinear equations in the coupled problem, such as Brinkman and Forchheimer. The relevance that this model has
gained through the last years, and the reason why the numerical analysis community has been putting so much effort
in developing more accurate and efficient methods for solving this problem, is due to its applicability in different areas
of interest, such as chemical and petroleum engineering, hydrology, and environmental sciences, to name a few.

The first fully-mixed finite element method for the 2D Stokes–Darcy coupled problem has been introduced and
analyzed recently in [16]. This approach allows the introduction of further unknowns of physical interest as well as
the utilization of the same family of finite element subspaces in both media, without requiring any stabilization term.
Moreover, it considers dual-mixed formulations in both domains, which yields the pseudostress and the velocity in
the fluid, together with the velocity and the pressure in the porous medium, as the main unknowns. The pressure
and the gradient of the velocity in the fluid can then be computed through a very simple post-process of the above
unknowns, in which no numerical differentiation is applied, and hence no further sources of error arise. In addition,
due to the mixed structure utilized, the transmission conditions become essential, and hence they have to be imposed
weakly, which leads to the incorporation of two additional unknowns to the system, namely the traces of the Darcy
pressure and the Stokes velocity on the coupling interface Σ . These new unknowns are also variables of importance
from a physical point of view. Then, the well-known Fredholm and Babuška–Brezzi theories are applied to prove the
unique solvability of the resulting continuous formulation and to derive sufficient conditions on the finite element
subspaces ensuring that the associated Galerkin scheme becomes well-posed. Among the several different ways in
which the equations and unknowns can be ordered, it is chosen the one yielding a doubly mixed structure for which
the inf–sup conditions of the off-diagonal bilinear forms follow straightforwardly. Moreover, the arguments of the
continuous analysis can be easily adapted to the discrete case. In particular, a feasible choice of subspaces is given
by Raviart–Thomas elements of lowest order and piecewise constants for the velocities and pressures, respectively, in
both domains, together with continuous piecewise linear elements for the additional unknowns on the interface.

Furthermore, complementing the approach provided in [16], a reliable and efficient residual-based a posteriori
error estimator for the fully-mixed finite element method proposed in [16] has been introduced and analyzed in [17].
The proof of reliability makes use of the global inf–sup condition, Helmholtz decompositions in both media, and
local approximation properties of the Clément interpolant and Raviart–Thomas operator. On the other hand, inverse
inequalities, the localization technique based on element-bubble and edge-bubble functions, and known results from
previous works, are the main tools for proving the efficiency of the estimator.

Furthermore, it is well known that when Neumann-type boundary conditions are imposed for the Stokes problem,
like slip boundary conditions, the non-standard pseudostress–velocity formulation has no longer a physical meaning,
and therefore a stress–velocity formulation has to be utilized instead. The latter yields a symmetry requirement
for the stress tensor, which constitutes the main drawback of this kind of formulations. In fact, the difficulty in
deriving and using finite element subspaces of symmetric tensors in the Stokes and Lamé systems is already well
known (see, e.g. [18] and [19]). In order to circumvent these disadvantages, one can proceed as in [20], and
impose the symmetry of the stress in a weak sense through the introduction of a suitable Lagrange multiplier
(rotation in elasticity and vorticity in fluid mechanics), which, in the case of the Stokes system, leads to a
stress–vorticity–velocity formulation. Among the different approaches for approximating the unknowns of the


