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SUMMARY

In this paper, we combine the usual �nite element methodwith aDirichlet-to-Neumann (DtN) mapping,
derived in terms of an in�nite Fourier series, to study the solvability and Galerkin approximations of
an exterior transmission problem arising in non-linear incompressible 2d-elasticity. We show that the
variational formulation can be written in a Stokes-type mixed form with a linear constraint and a
non-linear main operator. Then, we provide the uniqueness of solution for the continuous and discrete
formulations, and derive a Cea-type estimate for the associated error. In particular, our error analysis
considers the practical case in which the DtN mapping is approximated by the corresponding �nite
Fourier series. Finally, a reliable a posteriori error estimate, well suited for adaptive computations, is
also given. Copyright ? 2003 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In the last two decades, therehas been an increasing development in thecombination of �nite
element methods (FEM) with boundary integral equation methods (BEM) to solve interior
and exterior transmission problems (see, e.g. References [1–12] and the references therein).
Nevertheless, an alternative procedure for exterior non-linear–linear transmission problems
consists of employing Dirichlet-to-Neumann (DtN) mappings instead of BEM. This means
that one �rst introduces a su�ciently large circle �(in R2) or a sphere (in R3), so that the
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linear domain is divided into a bounded annular region and an unbounded one. Then, one
derives an explicit formula for the Neumann data on �in terms of the Dirichlet data on the
same curve, which is known as the DtN mapping. This has been done for several elliptic
operators, including the Lam�esystemfor elasticity, by using Fourier-type series developments
(see, e.g. References [13–16]). Moreover, the mapping obtained in Reference [16] together
with the mixed �nite element approach from Reference [7] (see also Reference [5]) were
utilized in Reference [4] to study the weak solvability of an exterior hyperelastic interface
problem. The same problemhad been solved before in Reference [17] by using displacement
�nite element methods.

Now, �nite element approximations of incompressible materials on bounded domains have
been studied usingpenalty andmixedmethods in several works (see, e.g. References [18–20]).
Concerning incompressible materials on exterior unbounded domains, only recent works can
be mentioned. In particular, the coupling of FEM and BEM is applied in Reference [21] to
solve an exterior non-linear–linear transmission problem arising in incompressible elasticity.
The bounded non-linear material is assumed to be governed by a uniformly monotone oper-
ator, whereas linear elasticity is considered in the unbounded exterior region. The resulting
variational formulation, obtained by using FEM and BEM in the non-linear and linear do-
mains, respectively, becomes of Stokes-typemixed form. Unique solvability of the continuous
and discrete formulations, together with quasioptimal convergence and an a posteriori error
estimator of explicit residual type, are themain contributions in Reference [21]. On the other
hand, the techniques from References [16;22] for deriving the DtN mappings on arti�cial
boundaries are extended in Reference [15] to the linear incompressible materials on exterior
problems in the plane. Then, following the usual approach, they reduce the original problem
into aproblemon abounded domain, which is solved numerically by using also aStokes-type
mixed FEM.

The purpose of this paper is to study the solvability and Galerkin approximations of the
model problem in Reference [21], by using the DtN mapping from Reference [15] instead
of BEM. In this way, since no singular boundary integral operators are needed, the present
formulation becomes simpler than the one fromReference [21]. However, because of the in-
troduction of the auxiliary circle, the computational domain gets larger than the original one.
This means that both formulations are comparable and therefore either one could be applied.
The rest of the paper is organized as follows. In Section 2, we �rst introduce the non-linear
exterior transmission problemand then transform it, using the DtN mapping, into a boundary
value problem in a bounded domain. Also, we replace the DtN mapping by a �nite Fourier
series and de�ne the associated approximated problem. The variational formulations for both
problems, which become of the Stokes-typemixed form, and the corresponding solvability re-
sults are provided in Section 3. TheGalerkin approximations and theerror analysis are studied
in Section 4. Here we de�ne speci�c �nite element subspaces satisfying the discrete compati-
bility conditions. Finally, in Section 5 we follow the analysis fromReference [21] and derive
an a posteriori error estimate, of explicit residual type, for our approximated formulation.

2. THE NON-LINEAR EXTERIOR TRANSMISSION PROBLEM

Let �0 be a bounded and simply connected domain in R2 with Lipschitz-continuous boundary
�0, and let �1 be the annular domain bounded by �0 and another Lipschitz-continuous curve
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