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A wavelet-based stabilization of the mixed finite element method
with Lagrange multipliers✩
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Abstract

We present a new stabilized mixed finite element method for second order elliptic equations in divergence form
with Neumann boundary conditions.The approach introduces first the trace of the solution on theboundary as a
Lagrange multiplier, which yields a corresponding residual term that is expressed in the Sobolev norm of order
1 2 by means of wavelet bases. The stabilization procedure is then completed with the residuals arising from the
constitutive and equilibrium equations. We show that the resulting mixed variational formulation and the associated
Galerkin scheme are well posed. In addition, we provide a residual-based reliable and efficient a posteriori error
estimate.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Let be asimply connected domain in2 with smooth boundary . In what follows we use standard
notation for Sobolev spaces and norms. Then, givenf L2 , g H 1 2 , and a matrix valued
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function C , we consider the model boundary value problem: findu H1 such that

div u f in u n g on u 0 (1.1)

wheren is the unit outward normal to . The data f andg satisfy the usual compatibility condition
f g 0, and the last equation in (1.1) has been set for uniqueness purposes.We also assume

that is positive definite, that is is symmetric and there exists 0 such that

x z z z 2 x z 2 (1.2)

which implies that is invertible and that there hold

1 x z z 1 x z 2 and 1 x z
1

z x z 2 (1.3)

Similarly, the fact that C implies the existence ofM 0 such that

x z M z and
1

M
z 1 x z x z 2 (1.4)

which, together with the first inequality of (1.3), yields

1 x z z
M2

z 2 x z 2 (1.5)

We now recall the main aspects of the mixed method studied in [1]. To this end, we define the
additional unknown u, whence the equilibrium equation becomes div f in , and
introduce the Lagrange multiplier u . We remark that the latter is motivated by the fact that the
Neumann boundary condition, which now reads n g on , is imposed weakly through a test
function . Similarly, the relations div f and 1 u are multiplied by test functionsand

, respectively, and the second one is integrated by parts, using thatu on . Thus, one arrives at the
following dual–mixed variational formulation of (1.1): find u H Q such that

a b u 0 H

b f g Q
(1.6)

whereH H div , Q L2
0 H1 2 , with L2

0 L2 0 , stands
for the duality pairing betweenH 1 2 andH1 2 with respect to theL2 -inner product, and the
bilinear formsa H H andb H Q are defined as follows:

a 1 and b div n

for all H and for all Q. In [1] we apply the classicalBabuška–Brezzi theory to prove that
(1.6) is well posed. This reduces to showing thatb satisfies the continuous inf–sup condition and that
a is elliptic on N b , the null space ofb. Actually, some slight modifications of the proofs are needed
for (1.6) since the boundary value problem in [1], being of mixed type, does not require the uniqueness
condition introduced in (1.1). In addition, we prove in [1] that on considering Raviart–Thomas elements
of order zero and piecewise constants on the same triangulation h of , and continuous piecewise
polynomials of degree 1 on an independent partitionh of , to approximate , u, and , respectively,
the associated Galerkin scheme also becomes well posed. However, it is important to remark that the


