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Abstract By means of the Lie algebra expansion method,
the centrally extended conformal algebra in two dimensions
and the bms3 algebra are obtained from the Virasoro algebra.
We extend this result to construct new families of expanded
Virasoro algebras that turn out to be infinite-dimensional lifts
of the so-called Bk , Ck and Dk algebras recently introduced
in the literature in the context of (super)gravity. We also show
how some of these new infinite-dimensional symmetries can
be obtained from expanded Kač–Moody algebras using mod-
ified Sugawara constructions. Applications in the context of
three-dimensional gravity are briefly discussed.

1 Introduction

Infinite-dimensional symmetries play a prominent role in
different areas of physics. In particular, symmetries of the
Virasoro type have had remarkable applications in two-
dimensional field theory, fluid mechanics, string theory, soli-
ton theory and gravity among others.

The Virasoro algebra corresponds to the central extension
of the algebra of infinitesimal diffeomorphisms of the circle
[1]. It was first found in the context of string theory, where
it describes the conformal invariance of the two-dimensional
worldsheet swept out by strings. This is due to the fact that the
conformal algebra in two dimensions is infinite dimensional
and its central extension is given by two copies the Virasoro
algebra. Therefore, the Virasoro symmetry appears in any
physical system with conformal invariance defined on a two-
dimensional space. Examples of this are two-dimensional
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sigma models [2], spin lattice models near criticality [3], inte-
grable systems of the KdV type [4], the asymptotic structure
of the S-matrix in General Relativity [5] and the asymptotic
symmetries of three-dimensional gravity. In the last case,
Brown and Henneaux [6] showed that for suitable boundary
conditions the asymptotic symmetry of three-dimensional
Einstein gravity with negative cosmological constant is given
by two copies of the Virasoro algebra. The presence of the
centrally extended 2D-conformal symmetry at infinity was
the first hint of an holographic duality, which was later con-
jectured by Maldacena in the context of strings [7]. This
remarkable discovery has lead to a number of important sub-
sequent results that could shed light into the quantum nature
of gravity [8,9].

The Virasoro algebra is closely related to the Kač–Moody
algebra, which corresponds to the central extensions of the
loop algebra. In fact, a representation of the Virasoro alge-
bra can be constructed out of quadratic combinations of the
generators of the Kač–Moody algebra by means of the Sug-
awara construction. This is useful when studying WZW mod-
els, as it allows one to find the Virasoro symmetry at the
level of the energy momentum tensor starting from its cur-
rent algebra [10]. Furthermore the Drinfeld–Sokolov Hamil-
tonian reduction relates the WZW model to Liouville the-
ory, which is conformally invariant [11]. In the context of
three-dimensional gravity this has had remarkable uses. In
fact, when 3D Einstein gravity with negative cosmological
constant is formulated as a Chern–Simons theory, it can be
written as an SL(2,R) WZW model once the Hamiltonian
constraints are solved within the action. Then, upon imposing
the Brown–Henneaux boundary conditions, it can be further
reduced to Liouville theory at the boundary [12].

The Virasoro symmetry is not the only infinite-dimensio-
nal symmetry that appears when studying the asymptotic
structure of gravity theories. In four-dimensional General
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Relativity, the BMS group appears as the asymptotic sym-
metry of the theory at null infinity [13–15]. This symmetry
has attracted great attention in the last years regarding the
S-Matrix for quantum gravity and its connection with soft
theorems and the gravitational memory effect [16]. Remark-
ably, this enhancement of the Poincaré symmetry can also be
found in three dimensions [17]. Indeed, in the case of van-
ishing cosmological constant, the bms3 algebra is found as
the asymptotic symmetry of Einstein gravity at null infin-
ity [18]. This algebra is given by the semi-direct sum of the
infinitesimal diffeomorphisms on the circle with an abelian
ideal of super translations and can be obtained as an Inönü–
Wigner (IW) contraction [19,20] of the centrally extended
conformal algebra in two dimensions in the very same way
as the Poincaré symmetry follows from the AdS3 symmetry
[21]. The bms3 algebra can also be obtained from a Sug-
awara construction of the iso(2, 1) current algebra associ-
ated with the flat WZW model, which in turn follows from
an IW contraction of an sl(2) Kač–Moody algebra. Along
the same lines, a Hamiltonian reduction of the flat WZW
model leads to the flat Liouville theory as the classical two-
dimensional dual for asymptotically flat 3D Einstein gravity,
which is BMS3 invariant [22–24]. On the other hand, there is
an equivalence between symmetries of ultra-relativistic the-
ory and bms3 which has been relevant in the extension of the
AdS/CFT correspondence [25–28]. In the last years, gener-
alizations of the conformal and bms3 algebras together with
their Kač–Moody cousins have appeared in the literature in
the context of three-dimensional supergravity and higher spin
gravity [29–45]. Analogously to the pure gravity cases, these
extensions turn out to be connected by IW contractions.

A particular characteristic of the IW contraction is that
the starting and resulting algebras have the same number of
generators. A natural way to generalize the IW contraction
in order to obtain algebras of greater dimension than the
starting one is given by the Lie algebra expansion method
[46–50]. In particular, the S-expansion procedure formu-
lated in Ref. [50] combines the structure constants of a given
Lie algebra with the inner product of an abelian semigroup
and has given rise to a number of interesting new symme-
tries that can be used to formulate gravity theories coupled
to matter [51–60]. Such symmetries can be classified into
three families of algebras called Bk , Ck and Dk . Bk alge-
bras have been used to obtain General Relativiy from Chern–
Simons and Born–Infeld gravity theories in diverse dimen-
sions [51,53,55,56]. In particular, the B3 and B4 algebras
correspond to the Poincaré and Maxwell algebras [61–66].
It is important to note that Bk symmetries can be obtained
as IW contraction of the Ck algebras [54]. The Ck family
allows one to relate diverse (pure) Lovelock gravities to
Chern–Simons and Born–Infeld gravities [58,60]. Alterna-
tively, Bk algebras can be obtained as an IW contraction of
another set of algebras called Dk symmetries, which cor-

respond to direct sums of the form AdS ⊕ Bk−2 [57,59].
Supersymmetric extensions of some of these expanded alge-
bras have been worked out in Refs. [67–74], which can also be
obtained through the S-expansion mechanism. It is therefore
interesting to study what kind of infinite-dimensional sym-
metries can be obtained as S-expansions of known infinite-
dimensional algebras. In this paper we put forward such study
and present new families of infinite-dimensional algebras that
can be obtained by applying the semigroup expansion mech-
anism to the Virasoro algebra. We first show that the centrally
extended 2D-conformal algebra and the bms3 algebra can be
obtained as a semigroup expansion of the Virasoro algebra.
Then, by using more general semigroups, we construct new
families expanded Virasoro algebras that we name general-
ized 2D-conformal algebras and generalized bms3 algebras.
We also show how these new infinite dimensional symmetries
can be related by IW contractions. Interestingly these sym-
metries correspond to infinite dimensional enhancements of
the Bk and Ck algebras. Additionally, we provide an infinite-
dimensional lift of the so-called Dk algebras. Finally, we
study the Sugawara construction connecting expanded Kač–
Moody algebras with our expanded Virasoro algebras and
present some explicit examples.

The paper is organized as follows: In Sect. 2 we present
the general setup to S-expand the Virasoro algebra and obtain
the centrally extended 2D-conformal algebra as well as the
bms3 algebra particular cases. In Sect. 3 we show how the
expansion procedure can be used to construct a deformed
bms3 algebra which corresponds to an infinite-dimensional
lift of the Maxwell algebra. In the same way, an infinite-
dimensional enhancement of the AdS–Lorentz algebra is
constructed, which is given by three copies of the Vira-
soro algebra and can be related to the deformed bms3 sym-
metry by an IW contraction. In Sect. 4 we introduce the
generalized 2D-conformal algebras and generalized bms3

algebras. Section 5 is devoted to the construction of the
infinite-dimensional lifts of the Dk algebras. In Sect. 6 we
present (modified) Sugawara construction that allows one
to obtain expanded Virasoro algebras from expanded Kac–
Moody algebras in the simplest cases. Finally, future appli-
cations of these results in the context of 3D gravity theories
and WZW models are discussed in Sect. 7.

2 Centrally extended 2D-conformal algebra and bms3

algebra as S-expansions

The S-expansion method [50] consists in combining the
structure constants of a Lie algebra g with the elements of a
semigroup S to obtain a new Lie algebra G = S × g. In this
section we show that the centrally extended 2D-conformal
algebra and the bms3 algebra can be obtained explicitly as an
S -expansion of the Virasoro algebra for suitable semigroups.
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