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a b s t r a c t

In this paper we present an augmented mixed formulation applied to generalized Stokes problem and
uses it as state equation in an optimal control problem. The augmented scheme is obtained adding suit-
able least squares terms to the corresponding velocity–pseudostress formulation of the generalized
Stokes problem. To ensure the existence and uniqueness of solution, at continuous and discrete levels,
we prove coerciveness of the corresponding augmented bilinear form, and using approximation proper-
ties of the respective discrete subspaces, we deduce the optimal rate of convergence. As by product, and
considering the associated optimal control problem, we derive error estimates for the approximated con-
trol unknown. Finally, we present several numerical examples confirming the theoretical properties of
this approach.

� 2012 Elsevier B.V. All rights reserved.
1. Introduction allow us to use any combination of the subspaces associated to
It is very well known that the success of mixed finite element
methods for the numerical solution of boundary value problems
arising in continuum mechanics is mainly due to the possibility
of the introduction of auxiliary unknowns. However, the fact that
the discrete spaces used for approximation of different unknowns
must satisfy the inf–sup condition leads to several difficulties of
both theoretical and practical nature (see [6,7,13,25,29]). As a
result, in the last time, the formulation of finite element methods
that circumvent stability conditions, such as inf–sup condition,
has become the subject of intensive research efforts.

The augmented mixed finite element method is a particular
case of stabilization techniques, where usually least squares terms
are added, locally or globally, to the dual mixed variational prob-
lems. Normally, these additional terms come from the equations
that result when the second order equation is rewritten as first or-
der system. The main advantage of these approaches is that they
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different unknowns. As a consequence, this technique has been
extended in different directions in the last years. In particular, an
augmented mixed formulation applied to elliptic problems with
mixed boundary conditions is presented and analyzed in [3], while
in [28,19,16,15] the Darcy law, the elasticity problem, stationary
Stokes as well as incompressible flows problems are studied.

We point out that the interest in studying the generalized
Stokes problems is motivated by the fact that one has to deal with
this kind of problem after applying a time discretization approach
(e.g., Euler method) to the non steady Stokes problem. Addition-
ally, it also plays a fundamental role in the numerical simulation
of viscous incompressible flows (laminar and turbulent), since
the most expensive part of the solution procedure for the time-
dependent Navier–Stokes equations reduces to solve the general-
ized Stokes problem at each nonlinear iteration.

In order to describe the model of interest, we let X be a
bounded open subset of R2 with Lipschitz continuous boundary
C. Then, given the source term f 2 ½L2ðXÞ�2 and g 2 ½H1=2ðCÞ�2, we
look for the velocity u and the pressure p of the fluid occupying
the region X, such that

au� mDuþrp ¼ f in X;

divðuÞ ¼ 0 in X; ð1Þ
u ¼ g on C;

where m is a positive constant called kinematic viscosity of the fluid,
a is a positive parameter proportional to the inverse of the
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time-step and the datum g satisfies the compatibility conditionR
C g � m ¼ 0, with m being the unit outward normal at C. In addition,

and for uniqueness purposes, we assume that the pressure
p 2 L2

0ðXÞ :¼ fq 2 L2ðXÞ :
R

X q ¼ 0g. We mention here that this prob-
lem has already been analyzed by different techniques, so the list of
references on its approximation is quite large, and since our current
interest is the mixed formulation, we mention [9], where a dual-
dual mixed approach is presented and analyzed. Up to the authors’
knowledge, previous work for this problem using the velocity–
pseudostress formulation, as developed in [11] (see also [21,23])
for the stationary Stokes problem, are not available in the current
literature.

On the other hand, finite element approximations for optimal
control problems have become one of the more important topics
in engineering and have been extensively studied in the literature.
There have been developed a lot of theoretical and numerical
results for the finite element approximation of various optimal
control problems (see, for example [2,4,5,14,17,24,26,27] and the
references therein). In particular, a different optimization
approach for the numerical solution of the Stokes equations and
Navier–Stokes equations, under state and control constraints, can
be found in [8,12,30] and the references therein. All of them use
the adjoint state equation to solve the optimization problem. Here,
we plan to consider an optimal control problem for the pressure,
taking into account the scheme proposed and analyzed in [18],
which do not use properties for the adjoint equations. Specifically,
we consider the optimization problem

minimize
1
2
kp� p0k

2
L2ðXÞ þ

g
2
kzck2

½L2ðXÞ�2 ; ð2Þ

where p0 is the desired pressure, g > 0 is a given regularization (or
control cost) parameter, and

� the state of the system p is the solution of (1), called state equa-
tion, with external source term f þ zc ,
� zc is a finite control variable in the form zc ¼

Pm
i¼1zif i, where for

i ¼ 1; . . . ;m; zi 2 R and the functions f i 2 ½L2ðXÞ�2 are given.

Then the aims of this work are: to present and analyze the
velocity–pseudostress formulation for (1) at least for moderately
large value of parameter a; to study the corresponding stabiliza-
tion scheme by applying augmented mixed method, obtaining
optimal rate of convergence, and applied it to obtain error estimate
for the control variable in the corresponding optimal control
problem.

The rest of the paper is organized as follows. In Section 2, we
present an analysis of velocity–pseudostress formulation. Its corre-
sponding stabilization is developed in Section 3. In Section 4, the
Galerkin schemes as well as the associated a priori error estimates
are established. In Section 5, the optimal control problem concern-
ing us is introduced and analyzed. An error estimate for the control
variable is presented, too. Finally, several numerical examples are
reported in Section 6.

We end this section with some notations to be used throughout
the paper. Given any Hilbert space H, we denote by H2 the space of
vectors of order 2 with entries in H, and by H2�2 the space of square
tensors of order 2 with entries in H. In particular, given s :¼ ðsijÞ;
f :¼ ðfijÞ 2 R2�2, we write, as usual, st :¼ ðsjiÞ; trðsÞ :¼ s11 þ s22 and
s : f :¼

P2
i;j¼1sijfij. We also use the standard notations for Sobolev

spaces and norms. We denote by ½H1
0ðXÞ�

2 :¼ fv 2 ½H1ðXÞ�2 : v ¼
0 on Cg, by Hðdiv; XÞ :¼ fs 2 ½L2ðXÞ�2�2 : divðsÞ 2 ½L2ðXÞ�2g, and by
H0 :¼ fs 2 Hðdiv; XÞ :

R
X trðsÞ ¼ 0g. Note that Hðdiv; XÞ ¼ H0 � RI,

that is for any s 2 Hðdiv; XÞ there exist unique s0 2 H0 and d :¼ 1
2jXjR

X trðsÞ 2 R such that s ¼ s0 þ dI, where I is the identity matrix in
R2�2. Finally, we use C or c, with or without subscripts, to denote
generic constants, independent of the discretization parameters,
which may take different values at different occurrences.

2. The dual-mixed formulation

We begin this section remarking that the dual-mixed formula-
tion of (1) can be deduced from the ideas developed in [1], where
the authors propose a displacement–pressure formulation for an
anisotropic elasticity problem. In addition, studying least-squares
methods for the numerical solution of linear, stationary and
incompressible Newtonian fluid flow, in [10] a new variable was
introduced instead of the stress tensor, the called pseudostress
tensor. In the framework of mixed FEM, this approach also have
been used recently in [11,21,23,22], where the stationary Stokes
equations and the quasi-Newtonian fluid flow are studied.

With the aim to derive the dual-mixed formulation of (1), we
first introduce the pseudostress r :¼ mru� pI in X. Using this
new unknown, the first equation in (1) becomes

au� divðrÞ ¼ f in X: ð3Þ

In addition, noting that trðrÞ ¼ trðmru� pIÞ ¼ �2p, then by the
uniqueness condition

R
X p ¼ 0, we deduce that r 2 H0. Moreover,

the deviator of tensor r is denoted by rd :¼ r� 1
2 trðrÞI, which

clearly belongs to H0, and then the relation r :¼ mru� pI is
rewriting as

rd ¼ mru in X: ð4Þ

Now, we are ready to introduce a new mixed formulation.
Multiplying (3) and (4) by suitable test functions, and after
integrating in X, we obtain the following dual-mixed formulation
of (1): Find ðr;uÞ 2 H0 � ½L2ðXÞ�2 such thatZ

X
rd : sd þ m

Z
X

u � divðsÞ ¼ m
Z

C
g � sm 8s 2 H0; ð5Þ

m
Z

X
v � divðrÞ � am

Z
X

u � v ¼ �m
Z

X
f � v 8v 2 ½L2ðXÞ�2: ð6Þ

In order to prove the unique solvability of the variational
formulation (5) and (6), we write it now as a system of operator
equations with a saddle point structure. To this end, we first define
the spaces X :¼ H0; M :¼ ½L2ðXÞ�2. Then, we introduce the opera-
tors and functionals A : X ! X0; B : X ! M0; S : M ! M0; G 2 X 0

and F 2 M0, as suggested by the structure of (5) and (6), so that this
problem can be stated as: Find ðr;uÞ 2 X �M such that

½AðrÞ; s� þ ½BðsÞ;u� ¼ ½G; s� 8s 2 X ð7Þ
½BðrÞ;v� � ½SðuÞ;v� ¼ ½F;v� 8v 2 M;

where [�, �] denotes the duality pairing induced by operators and
functionals used in each case. The next lemma will be used to prove
the well-posedness of (7), and its proof can be seen in Proposition
3.1 of Chapter IV in [7].

Lemma 2.1. There exists c1 2 ð0;1�, depending only on X, such that

c1ksk2
½L2ðXÞ�2 6 ks

dk2
½L2ðTÞ�2�2 þ kdivðsÞk2

½L2ðTÞ�2�2 8s 2 H0: ð8Þ
Existence and uniqueness are establishes in the next theorem.
Theorem 2.1. Problem (7) has a unique solution ðr;uÞ 2 X �M.
Moreover, there exists a positive constant Cðm;aÞ, independent of the
solution, such that

jjðr;uÞjjX�M 6 Cðm;aÞðkFk þ kGkÞ: ð9Þ
Proof. Notice that the operators A; B and S, as well as the
functionals F and G, are all linear and bounded. In particular, it is
easy to see that jjBjj ¼ OðmÞ; jjSjj ¼ Oða; mÞ and jjAjj ¼ Oðc1Þ.


